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ABSTRACT: A generalized cascade theory is developed and applied to study the size distribution of branched
polymers. The configuration of a polymer is expressed by a rooted tree. The rooted tree is described by the
“S-expression” of Lisp language. Thus, the distribution of polymers in a system can be expressed by the polynomial
W= ayTy, whereT, denotes th&-th S-expression corresponding tdh type of polymer andy is the probability

that a randomly chosen unit in a system belongs to the polymettofype. Terms of the polynomial are classified

into equivalent classes according to the types of characterization of polymers, and the polynomial in these classes
can be calculated from recursive coupled equations on the basis of the Markov branching process. Solving these
equations enables us to calculate the parameters for configurations of polymers as well as to obtain the results of
the conventional cascade theory. As a special case of this generalized theory, a recursive equation for size
distribution is formulated. Using this formulation, the distributions of the mean-square radius of gyration and the
shrink factor of branched polymers are calculated on the basis of the Gaussian chain statistics. The substitution
effects of neighboring groups are reasonably found to give significant effects on these distributions.

1. Introduction Jacksohsimulated SEC tracings for the random condensation
Size exclusion chromatography (SEC) provides information ©f an A-type monomer with a small amount ogAHowever,
not only on the average size of polymers but also on the size @S the molecular mass.dlstrlbutlon is calculateq using the Flory
distribution itself-2 The use of an advanced detector, combined Stockmayer model, this method can be applied only when the
with column packages of high performance, makes SEC the Molecular mass distribution is simple. Kidera and Kohjiya
standard method for the separation and analysis of polymers.evaluated thé[distribution of a polymer cluster in the pregel
For examples, when SEC is equipped with a low-angle laser State as a function of the conversion based on the Fory
light scattering (LALLS) detection instrument together with a Stockmayer model and the Gaussian chain statistics. All the
concentration proportional detector, it enables us to evaluateSPecies of the clusters were calculated using exhaustive enu-
the molecular mass distribution without the calibration curve, Merating iteration equations. However, Kidera and Kohjiya's
and if SEC is equipped with a multiangle laser light scattering first systematic approach assumes t_hat_ all the reactivities of
(MALLS) detection machine, it can simultaneously determine functionalities are of equal reactivity, like in Jackson’s method.
the absolute molecular mass distribution as well as molecular Hence, neither the first shell substitution effect (fsse) nor the
size. However, compared with linear polymer systems, the nonequmbnum reaction can be trea}ted. When this method was
analytical theory for SEC of branched polymers is not yet well used in the analysis of some experimental results, a long tail in
established. Because of the branched structure, there are broathe large (¥(Jregion was observedd'® This indicates the
molecular mass distributions with a great many isomers. tendency of clusters to connect linearly with each other.
Dobson and Gorddrderived the average of mean-square ra- Moreover, the conventional analytical theory has been applicable
dius of gyration®of polymers in a polycondensation system neither to systems \_Nhere_ various kln(_js of end-re_act|ve precursor
by using the cascade theory. Kajiwara et ahiculated the scat- ~ Polymers and multifunctional cross-linkers are involved nor to
tering function by introducing the path-weighted function into the case where the connective reaction of linkers is poss@le.
the cascade theory which represents the length distribution of Therefore, a powerful analytical method that can deal with
connected paths between units on a branched polymer. Kajiwara changeable reactivity of functionality is required.
extended the generating function of the cascade theory from the Tobita et al! simulated the SEC exclusion curve of a
univariate function to the bivariate function, and he systematically branched polymer using the Monte Carlo (MC) approach based
derived the average degree of polymerization,Ztaverage of on the “random sampling technique”. The MC approach required
hydrodynamic radius, the second virial coefficient for osmotic numerous calculations; for example, to deterniéldistribu-
pressure, and the light scattering function of randdamctional tion, they generated 40 000 polymer molecules and calculated
polycondensation. However, these values and functions, being100 three-dimensional structures for each polymer. In more
obtained from the conventional cascade theory, are the averagesomplicated cases, the generation of isomers and the calculation
of all polymers existing in a system; their distribution is not of the three-dimensional structure become an enormous task;

obtainable. therefore, it is time-consuming to apply the MC approach for
the analysis of a complex polymer cluster in the pregel state or
T Sumitomo Bakelite Co., Ltd. the state in which many isomers exist.
zazgfljg?o”rt 8{1g’n‘;'i%r;‘lelgégiﬂﬁfr&y%oﬁnﬁfg;’;{;“y- The purpose of this study is to develop an analytical theory
*To whom correspondence should be addressed: e-mail toshio@ PY Which the analysis of the radius of gyration of branched
sumibe.co.jp. polymers can be routinely calculated within a relatively short
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Table 1. Trees and Corresponding Term$ Table 2. Subtrees and Corresponding Ternts

tree term
branch term

T, = (0(e(00(0))0(0)))

T, =(0(00(0(00))0))

B, =(0(0(00)))

a Circle denotes a unit, straight line indicates connecting link, and filled
circle is a unit chosen randomly in each system that is regarded as the root
of each tree.

8, =(0(66(0)))

o8

time. This study has extended the conventional cascade theory acircle with dot denotes the regarded as the ancestor of the subtree.
in order to deal with the configuration of the polymers.

Subsequently, to routinely calculate the distribution of the mean- of the Markov branching process:

square radius of gyratidi¥*[land the hydrodynamic radiuRs[]

(Stokes radius), two kinds of formulations and their respective W= (6F,(U)) (2.3)
operational rules are considered. A theory is illustrated below,
using a simple case. We find that our formulation is sufficiently U = (6F,(V)) (2.4)

general to apply to many complex systems. Another purpose
of this study is to show a versatility of the generalized cascade whereF, andF; are polynomials of the recursive polynomials
theory. Our theory and calculation enable us to obtain many U that express the distribution of descendants possessing
types of parameters related to polymer configurations that cannotancestors and descendants, respectively. The recursive polyno-
be derived from the conventional one. mials U expresses the distribution of subtrees that belong to a
ree:

2. Formulation and Calculation Procedure of [$?(] ree

2.1. Generalized Cascade TheoryLet a monomer such as U= ZﬁkBk (2.5)
an end-linker or a precursor that composes a polymer be a “unit”,
and let a connection between the units be a “link”. Different i
units do not share an atom. Polymers can be described by graph¥/hereBy denotes thé-th term corresponding to theth type
in which vertices represent the repeat units and edges representubtree angy denotes the probability that those units regarded
the links between units. Although our theory can be applied to @s descendants belong to classes of subtrees détieype.
cases that contain cyclesesulting fromtree decomposition ~ Table 2 examplifies subtrees, which are the component of
let us consider cases in which polymer graphs do not contain @ndT,shown in Table 1. That is
cycles in order to explain our theory as simple as possible in

this paper. T, = (6(BB)) (2.6)
When the configuration of polymer is expressed by a rooted
tree, and the term exhibiting one-to-one correspondence to these T,= (G(BijB/)) (2.7)
rooted tree is defined, the distribution of polymers in a system ) ) ) ) )
can be expressed by the following polynomial: Formulations for trifunctional reversible polycondensation are
shown as follows:
w= Zaka (2.2)
W= (6(a, + a,U; + a,U,U; + a;u,u,U;)) (2.8)
whereTy denotes thé-th term corresponding to a polymer of
the k-th type andoy denotes the probability that a unit chosen Ug = (6(by + b1Ug+l + b2Ug+1Ug+1)) (2.9)

randomly in a system belongs to the polymer of ki type. . - .

Table 1 shows two examp|es of po|ymers possessing unitsAS shown .|n Table 3a| denotes the prok?abll_lty for a unit chosen
randomly chosen in a system and the terms corresponding torandomly in a system to react with othieunits, andb denotes
them. Polymers of thé&th and thel-th type are expressed by the fraction of a unit of the-th generation havingdescendants
rooted trees in a system, and the terfasand T; are corre-  Of the @ + 1)-th generation. The calculation procedure of eqs
sponding to these polymers as ti&expression of Lisp, 2.8 and 2.9 is the same as that in normal algebra except in the
respectively. Terms enclosed in brackets are commutative as¢ase of removal of brackets:

follows:
(fa,u,Uy) =
T, = (6(06(6(00))0)) = (6(006(6(00))))  (2.2) ay(0(6(b, + b,U, + b,U,U,))(6(b, + b,U, + b,U,U,)))
When a unit that is at the root of a tree is regarded as the = a,b, (6(60)) + a,b,%(6(6(U,)0(U.))) +
zeroth generation and the other units are regarded as descen'a2b22(6(U2U2)0(U2U2)) + 2a,b0,(8(66(U,))) + 2a,b,b,0

dants, these “forest polynomials” (2.1) can be calculated from
recursive simultaneous equations as shown below on the basis (66(U,Uy)) + 2a,b,b,(6(U,)6(U,Uy)) (2.10) cDV
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Table 3. Trees and Subtrees in Eqs 8 and 9 where k(s) denotes the number of descendants of $ié
generation of polymers in tHeth class. This value is equivalent
to the formulation that uses the path-weighted function proposed
by Kajiwara®

probability tree probability subtree

a, @ bo

that is
a @©/@ b, 0.1 = KK (2.18)
|:| 5

0, ~ 0% (2.17)

g@é

a, Q ® Q From the recursive equations corresponding to eq 2.16, a
scattering function can be derived by the same procedure as
Q that of Kajiwara's®
Case 3: If the units composing a polymer are classified by
Table 4. Corresponding Terms Transformed for Each Classification their nulmber of rea_‘Cted functlo.r!allltles, e, conversm_ns, a
= - formulation that considers nonequilibrium fsse can be obtdihed.
case k ! Case 4: As shown in Table 4, if the units are classified by
; 270 26,3030 379 30,0.2 generation and conversion, then the recursive equations are
ov1"U2"U2"U3 ov1"U2U3 H .
3 0,360,305 0,0,0:2 derived as follows:
4 0020120130212022031 003021%022033041° W= a(8y) + ay(00,(U) +
where a(0,(U,U,)) + a5(05(U,U,U,)) (2.19)
fa,U U, = azz Zﬁlkﬁu@(BlkBu) (211) Uy =by0) + by(B(Uyn) + by(B(Ug1Ugy))  (2.20)
Here, 6 denotes a dummy variable indicating a unit in which
2a,0;b,(0(U)0(U ) = ” Y 0

the j functionalities ofi-th generation are reacted, and the
2a2b1bZZ Z ZﬁZkﬁz, Bor(0(By) 6(ByB,.)) (2.12) calculations are shown as
m

. . . 3y(001(Uy) = aby(0p,0,1) +
As the forest polynomials are more generalized formulations,

they are inclusive of the conventional cascade theory. In other 2,0y (00:6012(U2)) + aiby(001015(UzU7)) (2.21)
words, the terms are classified into equivalent classes according 0,(U,U

to the types of characterizations of polymers, and the forest 2(0po(U1Uy) =

polynomials in these classes are derived along with their a,0,%(05(011017) + ab % (0{01(U)01(U,))) +

corresponding recursive simultaneous equations. Solving these, , 2 +2 +
equations enables us to obtain the results of both the conven- 807 60(015(U2U2)015(UU5)) + 2250601 (60:(01,01(U)))

tional cascade theory and the parameters of configuration of 2a,bg3(05(611615(U;U»))) +

polymers, which are evaluated by the generalized one. The 2a,b,b5(0,,(0,(U,)0,5U,U,))) (2.22)
objective of this study is to obtain the latter. The four cases

listed in Table 4 are provided as examples. The formulation for the distribution of the length of polymer

Case 1: For the distribution of the degree of polymerization, chain can be derived by the classification of the case.
brackets of the termly in eq 2.1 are removed, and the 2.2. Estimation of the Mean-Square Radius of Gyration
formulation of conventional cascade theory is obtained since [($?L] The mean-square radius of gyrati6&of a polymer
differences in configurations of polymers are not classified.  defined by formula 2.23 can be described as the sum of two

terms in formula 2.24 by a simple transformation of formula

W= a6 (2.13)  2.23:

Na

W= 0(a, + a,U + a,U” + a,U%) (2.14) PO iz (r— 1 (2.23)
Cc I "
U = 6(b, + b,U + b,U? (2.15)

1 k 1 X X

where ay denotes the sum of the coefficients of the teffas = —ZP,(E$<2D+ —ZZPkP/(rk —r)’ (2.24)
that exhibit the same degree of polymerization. Equation 2.13 2Na2

agrees with the probability generating function (pgf) in which

the distribution of the degree of polymerization was formulated where vectors. andr; denote the center of gravity of a polymer

by Gordon? and of thei-th atom, respectivelyiN, is the total number of
Case 2: If polymers are classified by generations, the two atoms contained in a polymex,denotes the total number of

terms in Table 1, for example, will be transformed as shown in units composing a polymePy denotes the number of atoms

Table 4. The corresponding forest polynomial is given by contained by thé-th unit in a polymer, and$20denotes the
mean-square radius of gyration of tkeh unit. Moreover,ry
W= ch(ﬂesk‘s)) (2.16) andr,denote vectors of the center of gravity of tkéh and
s /th units, respectively, while t¢ — r)” denotes the distanc&DV
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in space between theth and4th units. When a graph, in which B B,
a vertex represents a unit of a polymer and an edge represents
a link, exhibits a tree structure that does not contain a ring
structure, a path with these two units at both end points is
determined uniquely. Therefore, the number of links contained
in this pathny is determined uniquely. That is, the value of the

distance (x — r ) is drived by formula 2.25 on the basis of the

Gaussian chain statistics Tm
(r,—r)>=0on, (2.25) [B:)=[xi- v 2]
[BI]=[xl’yl’ZI]
whereo denotes an effective unit link length. [B,]= (% 2]
Since the first term on the right side of formula 2.24 can be [T | = by +x, 42, +1, p + 3, + 90 2 +2, +2,,]
calculated if the type and number of units contained in a polymer [B,]= [xk 43,41y 4y, + (e, +x,+1) z 42, + (v, +x, +1)2]

are kr?°W“' then the conventional cascade theory can be appllec1:igure 1. Diagram of the operation rule shown in formula 40. UBit
to estimate théS’L] There are two methods for employing the  that is randomly selected in a system has @ias its descendant.
new formulation and operation rule that facilitates the calculation Furthermore, uni® has unitsO as its descendants. If the branches to
of the second term. First, the formulation using Kramer's Which units B, and B, are expressed ai( Y. z) and & ys 2),

theoremé suitable for the analysis of experimental data is shown. "€SPectively, and the probabilities of appearance are expresgéd as
N he f lati . hich Kaii ; th iahted and 3, respectively, the branch Y z) to which unit® belongs
ext, the formulation in whic apwara’s path-weighte can be obtained from the calculatiorg= x« + X+ 1, Y=Yk + Y/

function was effectively extended to a theoretical study is shown. + ., andz, = z + z+ x2 and the probability of appearanfe can

2.3. Formulation Based on Generalized Kramer’s Theo- be obtained from the calculation bfSs3.
rem. Formula 2.26 is derived from formula 2.25 by Kramer's ) _
theorem' which was genera"zed by Dobson and Go?don: itself. Forest pOlynomIa|$N of the eqU|Valent class and the
polynomialsU are
1 x—1
— 2 = — — _2 j—
(ZZM r)3/2x %Zmalmq (2.26) W= oyfX Yio 2

U= s Vi 2.33

wherem denotes the number of units in one of the moieties Zﬁk[xk Yoo 2 ( )

that are divided into two by thieh link in a polymer. Although

the value ofm varies according to the choice of moiety, the
result of the summation does not depend on the moiety. In this
study the chosen moiety is always at a distance from a root.

The recursive equation &% andU are the same as egs 2.8 and
2.9; their calculation procedure is defined as shown in Figure
1. For example

In the formulation using the generalized Kramer’s theorem, —
an equivalent classT{] of T is defined as follows: %0 =31, 0, 0] (2.34)
[Td = XYzl (2.27) a,0uU = algﬁk[xk + 1,y 2] (2.35)
k
where
X1 a,0uU = azZ Zﬂkﬂ/[xk +X+ Ly ty, 5+ 2z]
Vo= ) My (2.28) (2.36)
I
X1 a;ouuUU = 3322 z BB /BrlXa Xs X+ LYy + Y, +
— 2 m
Z= Y m, (2.29)
. Yoo Z T2+ 2] (2.37)

Parametegk denotes the numper of unitsin a polymer belonging bt = by, 1, 1] (2.38)
to the equivalent class, amdy is the number of units in one of

the moieties that are divided by theh link of thek-th isomer. 5
Similarly, the equivalent class of subtree is defined as follows: 10U = blZﬁk[Xk + 1Lyt (% + 1), 7+ (% + 1)]

2.39
B = [ i 2 (2.:30) (2.:39)
and
where
X« b,0UU = sz Zﬂkﬁ/ﬁx“[yw z/] (2.40)
Y= My (2.31)
' where
Xk
z.=Hym/ (2.32) X=Xt X+ 1
I
=y +vy+
In subtreeBy, one of the links (edge) does not have a unit Yo=YV X‘Z
(vertex) at one end. The moiety corresponding to this lirBis Z,= %+ 27+ X,

Ccbv
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\ﬁ)/ \O/ Upa = 0a0pa (0 + B Upn + b3UAB)2 (2.53)
A B Ung = 0g0ng(04 + bsUgp + beUgg) (2.54)
O 6O 6O 6O U = 0a0na(0; + BgUan +b3Usg)”  (2.55)
A A A B B A B B Ugg = 050ga(D10 + 013Uga + bioUgs) (2.56)
Ui U U, Ups where
Figure 2. Two types unit A, B and their links.
Upa = ZﬁkAA[Xk! Yo Zy
[(F0of the k-th polymer is calculated by formula 2.24.
, PX o2P? Une = ZﬁkAB[Xk' Y Zd
B0=—) BEHF —kxy—2)  (241)
| % Uga = ZﬁkBA[Xk' Yo Zyd

where [BF0denotes the mean-square gyration of a unit.

Our formulation can be extended to the case where a polymer
consists of several types of units. The reaction between a tri-
functional cross-linker and a bifunctional telechelic polymer is ) . . .
shown in Figure 2, as an example. The pgf of this binary system The operation rule is the same as that in the above-mentioned
corresponding to eq 2.33 is case in which only one type of unit exists. Two calculations of

terms shown in Figure 3 are illustrated as follows:

Ugg = ZﬁkBB[Xk! Yo Z4d

W= Zak[Xk, Y 2 (2.42) OO asUns = bg;ﬁkl[xkl! Y Zul (2.57)
Xie = (Xar Xg, Xan: Xap: Xgp)k (2.43) X = (Xa + 1, Xg, Xans Xag + 1, Xap)
Y= (Yan: Yag: Yes)k (2.44) Yia = Vaa: Yaa % T X6 + 1 Yap)a
— 2
Z.= (Zan, Zag» Zop)k (2.45) Zy = (Zan» Zag T (%a T X T 1), Zgp)
and
0 = (005,900 5988k (2.46)
2bSbQHAeABUAAUAB = 2b8bQZ ZIBkAAﬂkAB[ka’ Ykm’ Zkr‘r’]
6% = (047,057,000 ,5,05™) (2.47) " (2.58)
wherexa andxg denote the number of units of type A and B, Xk T Xam T 1
respectively, which exist in a polymeg,s denotes the number XT = Xk T Xgm
of links between units of type A and B in tHeth polymer, M Xagk + Xagm 1
andyag andzag are defined as follows: Xgek 1 XaBm
XaB
Yaak T Yaam
Yag = Z(rnkAB) (2.48) YII = |Yagk T Yagm T Kagk + Xagm T 1)
Yaek T Yeem
XaB
Zp = Z(MkAB)Z (2.49) . Zank T+ Zaam )
' Zy=|Zaek t Zagm + Xagk T Xagm T 1)
Zagk T Zam

wheremyas denotes the number of units belonging to one side

of the moieties which are divided into two by tleh A—B
link of the k-th polymer.

Assuming that all the reactivities of the functionalities are

When units of type A and B hav@®, and Pg atoms,
respectively [§20of the k-th isomer is

equal, that is, the fsse can be disregarded, the recursive equatiom;k2[|= (xAPA[$AZD+ )(BPB|:$BZ|]/Na + {GAAZ(NayAA —

can be formulated as follows:

W=a,W, + agW; (2.50)
W, = 0,(a, + a,Uxs + a5U,5)° (2.51)
W = 6g(a, + asUpp + aBUBB)2 (2.52)

Zpp) + OABZ(NayAA —Zpp) + OBBZ(NayBB ~ Zgp)} /Na2
(2.59)

N= Xy + Xg = Xqp T Xgg T Xag + 1 (2.60)
whereoag denotes the length of an-AB link. It is assumed
that values of boti$\?Jand [$s2(ldo not change irrespective

of whether a unit is combined with another unit. CDV
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in a system. Hereyy denotes the number of units that are
descendants of thieth generation when a randomly chosen unit
is regarded as the zeroth generation, dpdenotes the path of
lengthj in the k-th polymer. The relation between the degree
of polymerizationx and the functiorn®(6) is given by

x=d 1)+ 1 (2.69)

The newly defined operation rule that is not used in the
previous section is employed to calculate the recursive egs 2.8

b9 (HA GBUA B) %8 b9 (GA HA BHAAGA BUAB)

Figure 3. Diagram of the operation rules shown in eq 57. and 2.9. Itis also a spontaneous rule derived from the definition
of the functions®y andI'x and the assumption of the Markov
branching process. For example

2.4. Formulation by the Extension of the Path-Weighted
Function. To statistically calculate the connection length of all

the polymers in a system, Kajiwara introduced a pgf W using _
the path-weighted function as follows: by6U blzﬁ X1 PiaTia) (2.70)

W{6}) = 6,6,"(1 — a + aU,({6}))"  (2.61) b,0U = bzz Zﬂkﬁ/(xk/'q)k/'rk/) (2.71)

U,{6}) = 0,0, — o+ aU,,({6}))  (2.62)
a;0uUuUU = aaZ Z Zﬂkﬁ/ﬁm(xk/m’q)k/mirk/m)

where the path-weighted functi@n is an arbitrary function of 2.72)

the number of linka, o is the fraction of the functionalities

that has reacted to form the links, afig and 6, are dummy

variables. The substitution effect is neglected; the reactivities

of all functionalities are assumed to be equal. The Ygis X =X%+1
defined as follows:

X,=%t+Xx+1
X
W(0,0,) = S wx 10,5 g,iketn (2.63) _
o Z K 1Z 2 ' Xem =%t X+ X, +1
X q)kl = 9 + 0®k
N, = 2N 2.64
Z “n « ( ) =T+ @y
wherew denotes the weight fraction of a polymer in tki¢h o,=0,+I,
class,Ny, denotes the number of distinct paths of length
starting at the unit, and N, denotes the number of distinct r,=Ty+o,+®,o,
paths of lengtm in thek-th polymer. Onceé\y, of each polymer
is obtained, then the radius of gyration and the hydrodynamic Py =P+, + 0,

radius (the Stokes radius) can be calculated.

Although the purpose of their formulation is to calculate the Tym =T+ T+ Ty + @y®y + P, Py + O Dy
average value of the entire system, each individual value cannot ) ) ) ]
be calculated from this formulation. In this section, we introduce ~_ The hydrodynamic radius§,Cand the radius of gyratiof$?(]
a new procedure to calculate the path length distribution in each ©f & polymer can be calculated by using the functignandT".
polymer by extending Kajiwara’s “path-weighted function” and The sum of the reuprocql of the path Ie;ngth thgt is required to
by employing a new function and operation rule. The polynomial Calculatel$[ican be obtained from the integration®fandl’

is formulated as follows: as follows:
b
W= 0 (%, P, T (2.65) 1 ‘ (_k) w0 273
2 2= 115) %, (273)
U= 3 Al ®l) (2.66) S
Zajkf = ‘ S (—) do (2.74)
where T 0 =1

_ i The summation of the path length that is required to calculate
D (0) = ZVik‘9I (2.67) [Fcan be obtained by differentiating the functidhwith
! respect to a dummy variabiand then substituting with 1.

r(6) = zéjkej (2.68) 3. Results of Numerical Calculations
I

Equations 2.8 and 2.9 are applied to several trifunctional
The denotation ofi, Sk is the same as that in eqs 2.1 and 2.5. polycondensation systems, where the conversions and substitu-
As in the previous sectionk™ is a provisional symbol notonly  tion effects are not equal.
for an isomer having the same degree of polymerization but 3.1. Calculation Procedure. Although there are a large
also for all the polymers with different degrees of polymerization number of different types of isomers, the probability of th&EV
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existense is negligible. Therefore, to obtain the results with

Cascade Theory of Branched Polymei8649

sufficient accuracy within a short time, a calculation procedure

to select an isomer efficiently with a high expected value is
required. The expected values of the randomly selected units
belonging to a branch or to a tree of tkieh typeSix and ouxk

are obtained from eq 2.33. If the terms are selected in the order

of these expected values, the approximate branch and forest

polynomials consisting of a finite term can be obtained with
sufficient accuracy. For example, by substitutidg) into the

recursive eq 2.9, a new polynomidyyy is obtained.
U,=by[1,0, 0]
U(1) = (G(bo + b1U(0) + bZU(O)U(O)))

Ugna) = (0B + biU( + bUUy)) (3.1)

By selecting 4000 terms of polynomials thig, 1 in the order

of size, new approximate polynomidlg,1) are obtained. Then,
these polynomials are again substituted into eq 2.9. The
approximate branch polynomials are obtained by repeating this
procedure. The approximate forest polynomials can be obtained
by substituting these branch polynomials into eq 2.8 and then
selecting a finite number of terms in the order of the value of
Xk In this example, the terms in which the valuesgf are
greater than 1.6« 1076 are selected. The theoretical SEC trace
F(v) is simulated by the summation of the Gaussian function
as follows:

h2
F = Yo, ;kexp[—hf(v—%,k)z] (32)

wherev denotes the exclusion volumia?Z is a quantity related
to the inverse of the half-width of the peak corresponding to
thek-th isomer, andy is the value ofv at the maximum of the
peak.
_ AT, 23 3.3

Vok — 3 (5D (3-3)
In this calculation, the value df is fixed at 200, regardless of
the types of isomers. The mean-square radius of gyraignl
of thek-th isomer is calculated assuming that the diameter of a

unit and the intercentral distance between units connected with
each other are unity as follows:

5= (%)zxk + (4~ 2% (3.4)

The shrink factorgs of the k-th isomer is calculated using
the following formulas:

Osk = [$K2m:$2|1

where[¥[] denotes the mean-square radius of gyrafhlof
the linearx-mer.

(3.5)

1

s (3.6)

2 2_ ¢
[SZQE(% X + XkT)

The distribution of the degree of polymerization was calculated
using the recursive pgf.

3.2. Results of CalculationTables 5 and 6 show the number
of terms, the weight-average degree of polymerizabéy of

Table 5
system conversion DPw no. of terms
(a 0.36(4/11) 5 17 104
(b) 0.4285714286(3/7) 10 22314
(c) 0.4925373134 100 40 149
Table 6
coefficients
system alag a DPw no. of terms
(b) 4/3 0.07872012 10 22314
(d) 10/1 0.1500072466 10 17 768
(e) 4/10 0.1194861070 10 36 946

2a; = 0.1865889212.

each approximate forest polynomial, and the coefficidals

in the calculated system. Systems (a), (b), and (c) do not
experience the fsse, and thddPws are 5, 10, and 100,
respectively. Although th®Pys of both systems (d) and (e)
are 10, they are examples of the fsses that have mutually
opposite tendencies.

Figure 4 shows the result of simulating the distribution of

(0n each system listed in Tables 5 and 6. Figureselshows
that several isomers are produced following an increase in
conversion. Although each probability of existence is small, the
summation of their forms results in a large peak. Figure 4b,d,e
shows that the distributions &[Clare characteristically different
depending on the fsses although the systems have theBiame

Figure 5 shows the results of the classification of isomers by
the degree of polymerization and the shrink fagormo make
the isomers with a small probability of existence legible, the
value of the summation of each probability of existence is
magnified to the 1/4 power. Figure 5 provides the details of
the distribution of the isomers. Following an increase in the
degree of polymerization, the distribution @expands by
the branching, and the center value of the distribution becomes
smaller than thé®value of linear polymer.

Figures 6 and 7 show the distribution function plotted against
the degree of polymerization. It is found that the distribution
of [¥is more affected by the conversion and fsse than the
distribution of DPy.

4. Discussion

The purpose of this study is to develop an analytical method
for routinely evaluating the size of a branched polymer. The
conventional cascade theory is further developed so that the
distribution of the configuration could be calculated. The
calculation procedure for the size distribution is derived as one
corollary of the extended theory. The calculation procedure
illustrated in this paper can be considered as an extension of
that formulated by Kidera et al. also in accord with the cascade
theory. The present procedure is routinely applicable to many
systems without the assumption of the equal reactivity for the
functional groups. This generalized cascade theory can also be
applied to polymers containing a ring structure as a result of
the tree decomposition. Subgraphs defined as “parts”, according
to “tree decomposition” in the Graph theory, share a vertex when
they are connected to each other.

Although Figures 4 and 5 are based on the simplest model,
these calculation results show usefulness of our new procedure
for analysis of SEC trace. For example, Figure 4 suggests that
each fsse gives the corresponding characteristic pattern of SEC
traces. This means that fsse can be estimated from experimental
SEC data within a reasonable computational time. If the degree
of polymerization of polymers becomes large, the numbeéBK/
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Figure 4. Computational results of an SEC trace. The chromatogram Figure 5. Distribution of isomers classified by the degree of polym-

traceF(v) was calculated as a function of the elusion volumgiven

erization DPyw and the shrink factogs are shown in (ay(e). The

by formula 3.2. Weight-average degree of polymerization (DPw) of calculation conditions are the same as those of Figure 4 as listed in
(a), (b), and (c) is 4, 10, and 100, respectively, for the case of equal Tables 5 and 6. The first shell substitution effect of system (d) is apt

reactivity of the functionality. The first shell substitution effect exists
in systems (d) and (e). Although the value,, for both the systems
are 10, the order of the conversion of functionalityis> a, > as, as

> @ > a4, as shown in Table 6.

to generate linear polymers. In contrast, the substitution effect of system
(e) is apt to generate branched polymers. Thus, the generalized cascade
theory enables estimation of the distribution of polymer configuration

and size.
Cbv
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03 deformatior?®2tIn their papers, end-linked polymer networks
were prepared from end-reactive precursor polymer, and mul-
tifunctional cross-linker, the network chain, the number of cross-
links, and the functionality of the cross-linker were well
characterized. If the end-linking reaction proceeds in an ideal
manner, the chain length of the precursor polymer is equal to
that between the neighboring cross-links. However, some
swelling experiments on end-linker networks suggest that this
expectation is inadequaté To study the correlation between
structure and physical properties quantitatively and with suf-
ficient accuracy, it is necessary to investigate the structure of
the experimentally prepared end-linking polymer in detail. For
) this purpose, the investigation of the distribution of the polymer
Degree of polymerzation clusters in the pregel state by SEC and its analysis by the
Figure 6. Molecular mass distribution in the case of the equal calculation of our method are expected to be useful.
reactivity. The calculation conditions are the same as those of (a), (b),  Matsumoto et al. experimentally confirmed, using SEC-
and (c) in Figures 4 and 5. LALLS, that the molecular size of a pri I i
, primary polymer (a linear
04 polymer obtained by cutting all the cross-linking structures) was
-0-(b) larger in the copolymerization system than in the homopolym-
erization system of vinyl and divinyl monomers under similar
conditions?? They considered that the diffusion of a propagating
radical was bound by the cyclization reaction in a moleégile,
and the termination reaction was limit&d=rom this noteworthy
result, it can be deduced that our present technique is probably
effective for further detailed analysis of their results by applying
“parts” 13
The accuracy of the method that developed in the study would
be improved by applying more precise models. For instance,
the conformation entropy of a polymer decreases when it enters
Degree of polymerzation into a pore fror_n free space. Casassa and Tagami calculated the
Figure 7. Molecular mass distribution for nonequal reactivity resulting entropy reductlon of the "”e"?“ chain and a Ste.lr_Shap?d pOIYm.er
from the effects of the first shell substitution. The calculation conditions ON the basis of the assumption of the Gaussian chain statistics
are the similar to those of (b), (d), and (e) in Figures 4 and 5. and derived a distribution coefficiefitIt was reported that the
flexibility of the chain also affects the compatibility of universal
isomers greatly increases. If all these isomers are to be takencalibration!26 Since the flexibility of a chain is not an average
into consideration, the calculation procedure would be extremely of its parts, or the length between the parts, but that of the
lengthy and difficult. Experimentally, the peaks of SEC trace information obtained from a variance, the MC method can be
are distinguishable ina relatively lower molar mass region and ysed here. However, a special technique is required to analyze
are not much distinguishable in a higher molar mass region. a portion of the actual molecular structure that affects the
This suggests that several isomers of a similar size overlap eachyariance since the MC method requires a long calculation time.
other, as shown in Figure 4. Therefore, the analysis of higher Hence, the MC method proposed by one of the present authors
molar mass region may be impossible. To estimate the conver-(T. Nakao) using the analysis of variance (ANOVA) may be
sion and fsse in the polymerization system from the SEC trace, more effective?’ When polymer habl, rings, the radius becomes
it will be sufficient method to investigate the lower molar mass small compared to linear polymé&t.
region with distinguishable peaks in detail.
The distributions of shrink factor are sensitive to fsse, as 1
shown in Figure 5. In the case of system d, the shrink factors B0= 1+n [SZQ (4.1)
are widely dispersed, and most of the existence probabilities of
these values are small. This means that the existence ratio ofThe radius change must be considered in the case of the
branching molecules is small in the system d. The shrink factor probability of ring formation is not negligible. Burchard reported
of system e, in contrast, has a narrow distribution, and eachthat an internal chain of the star polymer is expandthg.
main shrink factor has large existence probabilities. This shows Spakowitz and Wang provided the exact analytical solutions
that the most of high molar mass molecules in system e arefor the Laplace-transformed partition function of a wormlike
branching types. chain3® The results will be able to improve the estimations of
The analysis of fsse by SEC based on our calculation pro- semiflexible polymer. In addition to the light-scattering method,
cedure will enable wide application to a field of macromolecule SEC can be used for the analysis of branched polymers by
reactions. The end-linking method is a powerful technique that applying the present generalized cascade theory.
can be used to design the structure of polymer networks. It opens
up a new phase in the study of the relation between the equil- References and Notes
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